As an essential part of field coverage path planning process, mobile agricultural field equipment headland turning is a process that should be done in a manner that can maximise the equipment's operational efficiency through minimising the time or travel distance during the turning. However, this headland turning trajectory optimisation task represents a challenging dynamic nonlinear optimisation problem which is difficult to solve by using traditional indirect numerical methods. In this research, we investigated the possibility of using direct numerical methods to solve such a nonlinear optimisation problem in a restricted parameter neighborhood with constraints. We developed the kinematic models of the tractor and the tractor-implement(s) systems and formulated their headland turning optimisation problems through incorporating their models and the operational constraints. A range of headland turning scenarios from symmetrical bulb turn to fishtail turn and to turns with single and double trailers. With integration of the tractor and trailer models and by implementing the optimization process with the TOMLAB/SNOPT software tool, results for diverse circumstances of the tractor/trailer headland turning scenarios were generated and illustrated in this paper.
INTRODUCTION 19
By October 2018, there were 2,433,640 farms of 246,607,767 planted acres all over the United States (Farm Service 20 Agency, USDA Oct. 2018), which had not increased much from 242, 609,961 acres in 2007. However, the number of 21 hired farm workers has decreased from 961,000 in 2007 to 648,000 in 2018 (Farm Labor Survey (FLS), USDA). To 22 improve operation efficiency and realize better farm economy, agricultural automation is absolutely required and expected. 23
With the rapid development of unmanned technology in modern agriculture, automated path planning plays an important 24 role in agricultural field operation, and agricultural vehicle headland turning is a significant part of this process. The 25 headland turning process should be done in minimum time and travel within restricted off-road conditions (Jin, 2011). The 26 2 optimization of headland turning control can help sustainably improve time and fuel efficiency and maximise the field use 27 efficiency, and may simply affect the generation of the planned path. Therefore, to improve the field efficiency of auto-28 steer mobile agricultural field equipment, optimization of their headland turning trajectory is of great interest for 29 agricultural equipment manufacturers. However, the difficulties of headland turning optimisation are also obvious. The 30
off-road vehicle model is complex and non-linear such that well-developed linear optimisation algorithms are not capable 31 of solving the problem (Oksanen and Visala, 2004) . And the towed behind trailer/trailers increase the complexity of the 32 model and make the dynamic nonlinear problem even more challenging. For motion planning for non-holonomic vehicles, 33 different optimization schemes have been investigated through the years. For example, some near-optimal two-stage 34 planners that combine sampling with numerical optimization or smoothing were investigated, such as the partial shortcut 35 algorithm (Geraerts and Overmars, 2007) and the extensible meta-algorithm (Luna et al, 2013) . More recently, some 36 asymptotically optimal planners were developed. For instance, a single-query sampling-based motion planning and 37 dynamic replanning scheme was studied theoretically by Otte and Frazzoli,(2016), and dynamic constraints were 38 considered and evaluated by a scouting robotic vehicle (Cariou, 2016) . Furthermore, tractor-trailer models with numerical 39 optimization for trajectory generation were attempted (Li et al., 2015; Ljungqvist et al., 2019) . 40
The numerical solutions for trajectory optimisation problem can be categorized into two approaches, indirect methods 41 and direct methods (Conway, 2012) . Indirect solutions are using analytical necessary conditions from the calculus of 42 variations, which requires the addition of the co-state variables of the problem. However, when using indirect methods, the 43 derivation of the necessary conditions including differential equations, boundary conditions, and path constraints are 44 usually complicated mathematical expressions. A tiny change of any of them may cause considerable amount of work. 45
Direct solutions convert the problem into a Nonlinear Programming (NLP) problem which transforms the continuous 46 optimal control problem into a parameter optimisation problem (Conway and Paris, 2011; Fahroo and Ross, 2002; Ross 47 and Fahroo, 2003) . It integrates the system equations stepwise using either implicit or explicit rules. Compared to indirect 48 methods, direct methods have made considerable advancements during the last decade (Conway, 2012). There exist 49 commercial software packages on the market implementing direct methods to solve optimal control problems such as 50 TOMLAB, DIDO, and SOCS. 51
In this paper, a framework of tractor headland turning optimal control is constructed. The presented optimal headland 52 turning research was restricted to a two-dimensional plane. Three models were utilized: tractor only, tractor-trailer, and 53 tractor-trailer-trailer. The minimum-time optimal control problem of headland turning was studied and discussed with the 54 above three different models. The optimization simulation was done by using the MATLAB TOMLAB/SNOPT toolbox. 55 3 The TOMLAB/SNOPT toolbox efficiently integrates well-known solvers developed by the Stanford Systems 56 Optimization Laboratory (SOL) with Matlab and Tomlab (Holmstrom, 2008) .
57

PROBLEM STATEMENT
58
The headland turning problem can be described by the following schematic in Figure 1 , where the areas outside of the 59 headland are considered as "prohibited area." Since the situation is "predictable", the basic information about the 60 environment and the vehicle is considered as known. It is the basis of the future discussion. 61
As illustrated in Figure 1 , the headland is located between the two prohibited areas, where the borders are assumed as 62 paralleled straight lines. D denotes the width and the angle between the border and the orthogonal direction of the path is 63 denoted as β. The vehicle is supposed to go from the initial point P 1 to the final point P 2 , which are both located on the 64 lower border line. The initial heading angle ψ 1 and the final heading angle ψ 2 are lined up with the vehicle infield paths, 65 but are of opposite orientations. During the turning process, the trajectory is restricted in the headland area, which means 66 that the vehicle is not allowed to traverse into the prohibited areas. In this study, the minimum time problems with fixed and variable velocities were selected as the optimisation 76 objectives and were investigated. A framework of time-optimal control was established and the steering control sequence 77 was designed accordingly. 78
SYSTEM MODELING
79
OPTIMAL HEADLAND TURNING PROBLEM 80
Based on the description in the previous section, the initial and final conditions were mapped onto a two-dimensional 81 coordinate system where the initial point was set as the origin of the coordinate system, and the initial heading ψ 1 is 82 considered as the direction of the Y-axis. All parameters described in Table 1 are further depicted in Figure 2 . The edges of 83 the headland were considered as two paralleled straight lines. 84 
89
The original position of the headland turning process was set at the origin of the XY coordinate system. Thus, the initial 90 condition can be stated as: 91 ቊ ψ ୭ = ψ ଵ = ଶ P ୭ = P ଵ = ሺx ୭ , y ୭ ሻ = ሺ0, 0ሻ .
(1) 92
And the final condition can be stated as: 93 ቊ ψ = ψ ଶ = − ଶ P = P ଶ = ሺx , y ሻ = ሺd, d tan βሻ .
(2) 94
As indicated in Figure 2 , the working area was restricted by two paralleled straight lines which were defined as: 95
These inequalities were considered as constraints. Additionally, some other constraints, such as steering angle limit 97 (−δ ୫ୟ୶ ≤ δ ≤ δ ୫ୟ୶ ) and constant velocity (v = v ୭ = v ), were also considered in the optimisation process. Finally, the 98 constraints were summarized as: 99
By far, all initial, final conditions, and constraints of this headland turning trajectory optimisation problem have been 101 formulated mathematically. The next step is vehicle modeling. 102
TRACTOR KINEMATIC MODELING 103
Farm tractor is one of the most common agricultural vehicles in daily field operations. In this study, a tractor and its 104 implements were chosen to be the prototypical example for the headland turning optimisation problem. Thus, front wheel 105 steering was defined as the steering mode. A schematic tractor model can be mapped onto a two-dimensional world 106 coordinate system as illustrated in Figure 3 . 
110
Under headland turning scenario, the vehicle is usually driven at relatively low speeds to avoid under-steering situation. 111
With this assumption, the system states will have little transition during the turning process and the fidelity of vehicle 112 dynamics can be compromised and ignored. Kinematic model is the most appropriate model to be adopted and applied. In 113 a vehicle kinematic model, the tires of the steering wheels are assumed to be traveling in the direction they are facing. In 114 addition, the responses of a vehicle to a steering input are only determined by the geometric parameters. The four-wheel 115 farm tractor model can be simplified and converted to a two-wheel "bicycle" model as shown in Figure 4 . where u is the vehicle longitudinal velocity and Ψ is the vehicle heading angle (the angle between the world coordinate X-123 axis and the vehicle longitudinal axis as indicated in Figure 4 ). 124
Since front steering is the only steering mode, the yaw rate (derivative of heading angle) of the vehicle is related to the 125 steering angle via 126 ψ ሶ = r = ୳ ୲ୟ୬ ஔ .
(7) 127
Additionally, the steering angle δ has to stay within the range of hardware limit. 128
In this study, it is defined that turning left is positive steering and turning right is negative steering. Besides steering, 130 the acceleration of the vehicle velocity is considered as another system control input: 131 uሶ = a.
(9) 132
And the velocity and the acceleration have boundaries as well: 133 8 u ୫୧୬ ≤ u ≤ u ୫ୟ୶ , (10) 134 a ୫୧୬ ≤ a ≤ a ୫ୟ୶ .
(11) 135
Thus, there are two control signals, steering angle δ and longitudinal acceleration a. And the system has two degrees of 136 freedom (DOF). The state variables [x y ψ] ் are considered as the system output. The system vector Χ is defined as 137
(12) 138
Then the system state function is derived as 139
Assuming constant velocity u, the cost function to minimise operation time should be 141
It is hard to find a numerical method to solve equation (14) indirectly. 143
TRACTOR-IMPLEMENT KINEMATIC MODELING 144
Similar to the tractor model, tractor-implement models have been proposed in the literature for either off-road (Bell, 
154
For the convenience of further discussion, subscript notations were used to specify whether the variable was related to 155 the tractor or to the implement. It specifies the coordinate axis to which the variable corresponded. 156 
158
The velocity of the tractor affects the tractor's CG coordinates. 159
where u is the vehicle longitudinal velocity and ψ ୲ is the tractor heading angle. And similar to tractor-only model, the yaw 162 rate is 163
where the steering angle δ ୲ is one of the system control inputs. And the tractor acceleration is considered as the other 165 control input of the system: 166
Since the single-axle implement is a passive object in this combination, the velocity and heading angle of the 168 implement are passive variables depending on the tractor velocity u ୲ and heading ψ ୲ and have a first-order relationship 169 with tractor steering angle δ ୲ . 170
And the model of the implement looks like: 173
Thus, 177
In summary, there are two control signals, steering angle u ଵ = δ ୲ and longitudinal acceleration u ଶ = a ୲ . The state 179 11 variables [x ୲ y ୲ ψ ୲ u ୲ x ୧ y ୧ ψ ୧ u ୧ ] are considered as system output. The system vector Χ is defined as: 180
(25) 181
Then the system state equations are derived as: 182
The model indicates that it is a second-order, eight-dimensional system. The expressions of ψ ሶ ୧ and uሶ ୧ imply that the 186 motion of the implement is affected by the heading angles and velocities of both the tractor and implement itself. 187
12
TRACTOR-IMPLEMENT-IMPLEMENT KINEMATIC MODELING 188
The tractor-implement-implement model is illustrated in Figure 7 and Figure 8 , followed by the variable subscript 189 notations explained in Table 3 . 
198
In summary, there are still two control signals for the vehicle system, steering angle u ଵ = δ ୲ and longitudinal 199 acceleration u ଶ = a ୲ . However, the system dimension has been increased from 8 to 12. The system state variables are 200
From the single implement modeling, it has been known that: 202
And based on the known equations, we can figure out the derivatives of the second implement. 210
(40) 218
The system vector Χ is defined as 219
(41) 220
Then the system state function is derived as 221
The above equation shows that the tractor-implement-implement system is a 3 rd -order, 12-dimensional system. 224
DCNLP RESULTS AND DISCUSSION
225
The philosophy in direct methods is to discretise the problem in time and to approximate the states and the controls in 226 these time intervals. The optimal control problem (OCP) has been converted to a nonlinear programming (NLP) problem, 227 which could be solved effectively with numerical tools. In this section, the tractor and implement models mentioned above 228 are used in various headland turning scenarios and simulation results are presented. TOMLAB/SNOPT toolbox was 229 16 adopted to generate these regional optimal solutions. TOMLAB/SNOPT is a direct collocation nonlinear programming 230 (DCNLP) toolbox, which can be cooperated with MATLAB, Visual Studio, SQL, and other compiling environments. The 231 specialty of this toolbox is to deal with the high-dimensional nonlinear system and provide local optimisation solution. 232
The results cover a range of testing scenarios from a simple example of symmetric bulb turn to a complex fishtail turn, and 233 from a single tractor to a tractor with two towed implements in tandem. 
236
AN EXAMPLE: SYMMETRIC BULB TURN 237
Agricultural vehicles are commonly built large in dimensions to provide the power needed for pulling implements and 238 to cope with rough off-road terrains. However, to improve land efficiency, the width between the working rows is 239 sometimes narrow, which make it difficult for the vehicle to make a "U" turn to get to the target path. "Bulb" turn is a 240 usual turning mode while the minimum turning diameter of the tractor is greater than the path width, and the turning 241 process has to be divided into three phases. Since the tractor-only model is chosen in the study, the fixed vehicle 242 parameters and the restricted area constraints are shown in Table 4 . Assuming the tractor is working under low velocity, 243 the steering angle limit is as low as π/6; and the steering wheel is controlled by a high-torque electric and a high-speed 244 motor, hence the steering rate can be as high as 3 rad/s. This assumption applies to the rest of work in this paper. 245 
247
By using the parameters from Table 4 , and for the purpose of proving the proposed method works, the vehicle is 248 assumed to work under a constant velocity during the complete turning process, from the initial position to the final 249 position. And the headland boundary is vertical to the reference path, which means the headland angle is 0. Thus, the 250 optimal time cost problem is equivalent to a shortest trajectory problem. And the simulation results are displayed as below. 
254
In this simplified scenario, there is no implement attached so the trajectory of the tractor is the only focus. Since the 255 velocity is considered constant, the steering angle is the only control signal of the system. The system states and control 256 during the turning process are displayed below. 
260
The optimal time cost given from the simulation is 8.048 s. The three "phases" can be seen clearly by the steering angle 261 control plot. The tractor was steering left at the beginning, then steering right following a "bulb" shape turning and finally 262 steering left finishing the trajectory. Because it can be considered as a shortest trajectory problem with constant velocity, 263 fortunately it can be done by analytical methods by calculation. And the following is the deduction of using geometric 264
solution. 265
The minimum turning radius is attained by the wheelbase and maximum steering angle of the tractor: 266
(44) 267
The minimum turning diameter can be derived as 2R = 6.4 5, which means a U turn cannot be accomplished and the 268 tractor has to make a bulb turn to finish the headland turning. And based on the known and derived information, the 269 geometric solution is applied. 
274
As presented in the figure above, the optimal trajectory is composed by three curves, AB , BC , and CD . They are from 275 three circles with radius of 3.2 m, which are tangent to one another. The proof of why this trajectory is the optimal solution 276 for the minimum time problem is omitted here. And because the initial heading and the final heading are Because of the tangent relationship of the three circles, the tangent points can be located at ሺ−0.35, 1.46ሻ and 280 ሺ5.35, 1.46ሻ, respectively (as denoted by red circles in Figure 12 ). The curvature of AB and CD can be derived by 281 α = AB = CD = sin ିଵ ൫ 1. 46 3.2 ൗ ൯ = 0.47 rad.
(45) 282
The arc length of AB and CD is 283 L = L େୈ = R * α = 1.51 m.
(46) 284 20 It is obvious that θ = π − 2α = 2.20, so the curvature of BC is 285 2π − θ = π + 2α = 4.09 rad.
(47) 286
And the arc length of BC is 287 L େ = Rሺ2π − θሻ = 13.08 m.
(48) 288
Hence the length of the trajectory can be achieved: 289 L ୈ = L + L େ + L େୈ = 16.10 m.
(49) 290
Since the tractor velocity is constantly 2 m/s, the analytical optimal turning time for this problem is 291
The coordinates of the top point (denoted by the yellow circle in Figure 12 ) are derived from the calculation, which are 293 (2.5, 6.11). It tells that under the setting scenario, one of the essential conditions is that the headland width D 6.11 m. 294 
301
BULB TURN 302
Since the effectiveness and accuracy of DCNLP have been proved, a more realistic scenario is proposed. In this 303 scenario, the headland boundary has an angle β with the field, and the velocity of the tractor is controllable. The vehicle 304 parameters and headland information are listed in Table 6 . It can be told that the boundary of the headland has 30° angle 305 versus the field, and the headland got narrower. Furthermore, the initial and final vehicle velocities are both 0, but velocity 306 could be a variable from 0 to 3 m/s on the trajectory controlled by the acceleration. The maximum acceleration is 2 m/s 2 , 307 and the maximum brake deceleration is -4 m/s 2 , with the consideration of the safety concern during the turning process. 308
21
The steering angle limit remains the same. By running this model in MATLAB with TOMLAB/SNOPT, the following 309 trajectory is attained. 310 
322
The optimal time cost given from the simulation is 5.8359 s. From the control signal plots, the turning process could be 323 divided into three phases as well. The tractor was accelerating hard from the initial position and kept turning left in the 324 first phase. Then it was steering right and kept running with constant velocity. Finally, it slowed down and adjusted the 325 tractor heading straight to the path and was ready to enter. It is easy to locate the farthest point (blue circle in Figure 15 ) on 326 24 the trajectory to make a parallel straight line to the lower boundary, from which we could calculate the minimum headland 327 width required with the tractor and headland angle parameters, which is 5.57 m. In this trial, the minimum turning radius remains the same from the Symmetric Bulb Turn trial because of the same 332 front steering angle limit and the infield path width. Though the vehicle velocity became a variable, it does not affect the 333 turning radius or the trajectory. But the required headland width got changed apparently because of the impact of the 334 headland angle change. It implies a research question of the global path planning. From the comparison in Table 7 , the 335 impact of the headland angle to the headland width is presented. Hence, it can be concluded that the angle between the 336 path and the headland does affect the required width on the headland. And if the headland width is restricted in a global 337 path planning scenario and bulb turn is the only turning mode, changing approaching angle to the reference path is a 338 potential way to solve the issue. 339 25 
FISHTAIL TURN 341
According to the previous discussion, it would be interesting to see what could be done if the headland width does not 342 meet the requirement of a bulb turn. In other words, if the headland is relatively too narrow, compared to the steering limit 343 of the tractor, for the tractor to accomplish a bulb turn, some other turning mode should be adopted. And a "fishtail" turn is 344 one of the options. 345
Similar to a bulb turn, the procedure of a fishtail turn also can be divided into three phases. But the difference is at the 346 second phase, compared to a bulb turn where the tractor is always going forward, the tractor is allowed to reverse. It 347 provides the possibility that the tractor is able to adjust the orientation within a relatively limited space, which improves 348 the flexibility and mobility of the tractor in the field operation. 349 On the contrary, the width of the headland is set to be as low as 4.33 m, which is quite small compared to the increased 357 turning radius. And it is impossible that the tractor could make a bulb turn in this restricted headland. Thus, a fishtail turn 
367
The optimal time cost of the fishtail turn is 8.45 s. From the trajectory result of Figure 16 , it is apparent that the fishtail 368 turn could be done even if the headland width is narrower, which shows absolute advantage over bulb turn. However, from 369 time efficiency aspect, because of the existence of the reverse phase, the headland turning process is relatively slow 370 compared to a U turn and a bulb turn. 371
28
TRACTOR-IMPLEMENT HEADLAND TURNING OPTIMISATION 372
Tractor-implement is a common scenario in agricultural field operation. The model has been discussed previously, 373 which is tractor with a single-axle implement model. The system parameters are listed in Table 9 . 374 
376
By loading the headland constraints and tractor-implement information into MATLAB and running SNOPT, the following 377 trajectory was attained. Based on the trajectory in Figure 18 , it can be told that the tractor was doing a bulb turn to 378 accommodate the turning of the implement. 
382
The optimal time cost given by the simulation is 8.61 s. From the variable plots in Figure 19 , it shows that because the 383 row width is not generous enough to make a U turn, the tractor steered to the left at first to make a bulb turn and was 384 accelerating right after that. Once the implement was approaching the line of x = 5, the tractor slowed down and adjusted 385 the body orientation, ready to enter the reference path. 
389
There is a possible situation where with a larger size of implement, the tractor is not allowed to turn hard to shorten the 390 trajectory. In other words, the tractor steering angle limit is extremely small. And it is interesting to find out the minimum 391 headland width to provide best time efficiency under this scenario. The following simulation gives an example that if with 392 most of the vehicle parameters remaining the same, but just changing the steering limit, what can be learned. The steering 393 limit is changed to: 394
(55) 395 
397
And the following trajectory was attained in Figure 20 . From the generated minimum time trajectory, it can be concluded 398 that with the steering limit ଵ (18°), the headland width is demanded at least 16.63 m to offer generous space to get the 399 optimal time efficiency. And the given minimum turning time is 13.8 s illustrated in Figure 21 . 
406
To testify the effectiveness of SNOPT solving realistic problems, another example was proposed. It is reasonable to 407 assume that the headland is on a hill, and the altitude at the right side is higher than the left side. Furthermore, if the tractor 408 is hauling a huge and heavy trailer, the tractor is not able to have sharp turn in the direction of uphill compared to the 409 downhill direction. In other words, when the tractor enters the headland, the steering limit to the left is greater than to the 410 34 right หδ ୫ୟ୶ ୪ୣ୲ ห ቚδ ୫ୟ୶ ୰୧୦୲ ቚ (Table 11 ). An asymmetric bulb turn was generated in Figure 22 . It shows that the DCNLP method 411 is potentially able to solve the 3D headland turning optimisation problems. To have a comprehensive looking, there is a 412 detailed wheel trajectory provided in Figure 23 . In this trial, the width of the tractor is at 2.45 m and the width for the 413 trailer is 5.0 m. 414 
424
The steering difference to the left and right can be seen from the plots in Figure 24 . As indicated with red circles, 425 because the right steering (negative steering angle) is not sharp or efficient, the steering control requires longer time to 426 finish the bulb turn. And the optimal headland turning time for this case is 14.17 s. After discussing single trailer scenarios, it is reasonable to think about the cases if the tractor has two single-axle 432 implements hitched on. An assumed scenario is proposed below in Table 12 and the trajectories of the tractor and the two 433 trailers are shown in Figure 25 . However, due to the complexity of the two-implement model discussed previously, the 434 38 optimality of this simulation result needs further investigation. The optimal headland turning time of this trial is 33.61 s 435 illustrated in Figure 26 . 436 
442
CONCLUSIONS 443
Agricultural vehicle headland turning optimisation is important for the field path planning automation. However, 444 because of the nonlinearity and the complexity of the vehicle system models, it is difficult to find numerical methods to 445 solve this optimisation problem. With the development of computer and DCNLP software tools, direct optimisation 446 41 methods play an important role in optimisation research. In this study, TOMLAB/SNOPT tool was proved to be an 447 effective solver to plan an optimised headland turning path for a given tractor or tractor-trailer combination and the 448 headland parameters. 449
Headland boundary angle does matter to the solution existence especially when headland width is restricted, and it may 450 affect the result of field coverage path planning once being incorporated into the cost function. The fishtail turn shows 451 advantages on space efficiency. The case study of the hillside headland turning implies that 3D terrain features affect the 452 trajectory generation and shows the capability of the DCNLP method in this regard. 453
The vehicle model adopted in this research is a basic kinematic model given the consideration that the vehicle is 454 usually on a low travel speed during the headland turning process. But to further improve the applicability of the proposed 455 optimisation method, dynamic factors will need to be considered in the future study. 456
